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On Gauge Invariance and Ward Identities for the Wilsonian 
Renormalisation Group * 
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We investigate non-Abelian gauge theories within a Wilsonian Renormalisation Group approach. The cut-off 
term inherent in this approach leads to a modified Ward identity (mWI). It is shown that this mWI is compatible 
with the flow and that the full effective action satisfies the usual Ward identity (WI). The universal I-loop 
/3-function is derived within this approach and the extension to the 2-loop level is briefly outlined. 



1. Introduction 

The Wilsonian Renormalisation Group fij] has 
proven itself as a powerful tool for studying 
both pcrturbative and non-perturbative effects in 
quantum held theory. One may expect that a 
suitable formulation for non-Abelian gauge the- 
ories provides new insight to non-perturbative 
effects in QCD. However the Wilsonian ap- 
proach is based on the concept of a step-by-step 
integrating-out of momentum degrees of freedom 
and one may wonder whether this concept can be 
adopted for gauge theories. 

In the current contribution we investigate this 
question in a path integral approach based on 
ideas of Polchinski ||. In this approach a mo- 
mentum cut-off is achieved by adding a cut-off 
term AkS to the action which is quadratic in the 
field. This results in an effective action Yk where 
momenta larger than k have been integrated-out. 
The change of Yk under an infinitesimal varia- 
tion of the scale k is described by a flow equa- 
tion which can be used to successively integrate- 
out the momenta smaller than the cut-off scale 
k. Thus given an effective action Yk at an ini- 
tial scale fco the flow equation provides us with a 
recipe how to calculate the full effective action T. 

The introduction of AkS seems to break gauge 
invariance. However, Tk satisfies a 'modified' 



Ward identity (mWI). This mWI commutes with 
the flow and approaches the usual Ward identity 
(WI) as fc — > 0. Consequently the full effective ac- 
tion r satisfies the usual Ward identity. In other 
words, gauge invariance of the full theory is pre- 
served if the effective action Tk satisfies the mWI 
at the initial scale fco- 

2. The Flow Equation 

To be more explicit let us briefly outline the 
derivation of the flow equation: We add the fol- 
lowing scale-dependent term to the action (e.g. 
and references therein): 



AfeS[$] = \J d d x<^*Rt[P^, 



(1) 



where P^ 1 is proportional to the bare propagator 
of <f>, = $„) is a short-hand notation 

for all fields, d is the dimension of space-time. 
The regulator Rf has the properties: 



Rt[x] 



Rt[x] 



0. 



(2) 
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where d$ are the dimensions of the fields The 
cut-off term (Q) effectively suppresses modes with 
momenta p 2 <C fc 2 in the generating functional. 
For modes with large momenta p 2 ^> fc 2 the cut- 
off term vanishes and in this regime the theory 
remains unchanged. In the limit fc — > we ap- 
proach the full generating functional Y since the 
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cut-off term is removed. In the limit k — > oo 
all momenta are suppressed and the effective ac- 
tion approaches the (gauge fixed) classical action 
Sd + Sgf. Hence Tfc interpolates between the clas- 
sical action and the full effective action: 



a k^oo fc- 
b gf i 1 k ~ 



(3) 



An infinitesimal variation of the generating func- 
tional with respect to k is described by the flow 
equation. For the generating functional of 1PI 
Green functions, the effective action Tk, the flow 
equation can be written in the form (e.g. 0, Q 
and references therein) 



d t r k m = ~STr{Gf*md t Rt[P*}}, 



with 



R 



k,i 



(4) 



(5) 



where t = In k and the trace STr denotes a sum 
over momenta, indices and the different fields $ 
including a minus sign for fermionic degrees of 
freedom. Note that dtR k serves as a smeared- 
out ^-function in momentum space peaked at 
about p 2 w k 2 . Thus by varying the scale k to- 
wards smaller k according to (^) one successively 
integrates-out momentum degrees of freedom. 

3. QCD in a Wilsonian approach 

The starting point of our considerations is the 
classical action of QCD with N c colours and Nf 
flavours including cut-off terms for the gauge field 
and the fermions: 

S k [A,^^] = S c i[A^3]+S gf [A] 

+A k S A [A} + A k S^,^}, (6) 

where S c i is just the classical Euclidean action of 
QCD with fermions in the fundamental represen- 
tation. We allow for a general linear gauge fixing 
term 



(7) 



which includes general Lorentz gauges (l^ = d^) 
and general axial gauges (e.g. f§,[[|). The cut-off 
terms are given by 



A k S A [A] 



1 



d 4 xA"R?- ab ,Al 



2 / ™ M k.f-LV^ 

A k s^M = [ d'x^Rt^^r, 



(8) 



where A, B and a, b refer to the fundamental and 
to the adjoint representations respectively. The 
indices s, t are summed over all flavours. A con- 
venient choice for the regulators R^ , Rf is 



Rti B [p 2 \ = s«s** 



ab P 



p 2 



e p 2 /k 2 _ i 



(9) 



have 



It is easy to see that the regulators in 
the demanded properties (||). 

The Fadeev-Popov determinant arising from 
the gauge fixing (fjj) may be regularised in a simi- 
lar way. However, for the sake of brevity we drop 
these terms in the following. 

The cut-off terms (||) generate additional terms 
in the Ward identity for T k . This modified Ward 
identity (mWI) is 



1*1 

T 



i ,, fabc ( jed _|_ ^A,cd \ QAA,db 



// / '^.m-r Ri-y'an. 



where t a are the gauge group generators in the 
fundamental representation and /* is the adjoint 
of 1^. We also have used the definition of the 
full (field dependent) propagators (J|) and have 
introduced the following short-hand notation: 



AB 



5il) B Sip 



ABi.B 



(11) 



The cut-off dependent terms in (|T(]) vanish for 
k ->• 0. However the mWI © is of use only 
if one can show that the flow of T k is compat- 
ible with (JTy) . For this purpose we examine 
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9tW£. The i-derivative of the right-hand side of 
( |To| ) yields expressions dependent on d t R^,d t Rf 
and dtTk- For the last of these we use the flow 
equation (^) and after some algebra we arrive at 
[$ = (A,V,V0, $* = (A,-$,il>)]: 



d t W% = 



W fe a .(12) 



Let us assume that the initial effective action 
Tk a satisfies the mWI which can be achieved at 
least order-by-order in perturbation theory. Then 
dkWk\k is zero since it is proportional to Wk - 
Thus it follows Wk = for all k and the mWI is 
satisfied at all scales, in particular for k = 0. It 
approaches the usual WI for k — > since the cut- 
off dependent terms vanish. As a consequence we 
only have to ensure that the initial effective ac- 
tion satisfies the mWI in order to ensure gauge 
invariance of the full theory. 



4. Applications 

As a first application we want to present some 
analytic results. Analytic computations would 
simplify tremendously if we still dealt with a the- 
ory satisfying the usual WI instead of (|Io|). In 
this case the number of possible terms in the ef- 
fective action is restricted by gauge symmetry. 
Even though this cannot be achieved one can get 
very close to such a situation. For this purpose 
it is quite convenient to introduce the following 
regulators: 

(Ri\p 2 ],Ri\p 2 })^(R k {D T (A)},Ri[^(A)]), (13) 



with 



(14) 



and p is the Dirac operator in the fundamental 
representation. Here A is an arbitrary gauge field 
configuration. Note that if one allows for regula- 
tors with a non-trivial group structure the set of 
regulators R A [Dt] , R k [fl 2 ] coincides with the set 
of regulators for R A [p] , R$ [p] : {R A \p] , R* [p] } = 

{R k [D T ],Ri[lp 2 }}. Thus one may interpret A 
as an index labeling a family of different cut- 
offs. The effective action now depends on A: 
T k = T k [A,A]. 



It is simple to see that the cut-off dependent 
terms in ( |Io| ) are just given by an infinitesimal 
gauge transformation of A, hence leading to the 
identity 

~ 9 Jd%r b CR^lD T (A)]GtX b 
+g [ d±y{e) BC Ri : Z D [Ip 2 {A)]Gif s DB . (15) 



We conclude from @ and @ that t[A, tp, ip] := 
Tk[A, A — A, ip, ip] satisfies the usual WI without 
the cut-off dependent terms: 



1*1 
J 



Df^± - Df^Al + J^ a {x) 



-fJ 



0. 



(16) 



where the gauge field derivative involved in (|f6| ) 
hits both the gauge field A and the auxiliary field 
A — A. Note however that the propagator Gk A is 
still the one derived from j^T k [A, A] at A = A. 
Moreover the flow equation for F^ requires the 
knowledge of G AA , thus slightly spoiling the ad- 
vantage of dealing with an effective action which 
satisfies the usual WI even for k ^ 0. 



A possible way to proceed from (16) would be 
to reformulate it in terms of BRST transforma- 
tions of the fields. Then one can expand the ac- 
tion Tk in BRST-invariant terms. 

Moreover if we restrict ourselves to gauges 
where neither £ nor depend on derivatives, the 
last term in ( |f6| ) vanishes and we do not have any 
integral terms in the WI (see also ||). This is a 
very attractive case where all the following con- 
siderations simplify tremendously from a techni- 
cal point of view. 



As a consequence of (|16|) we have gained gauge 
invariance even for k ^ which simplifies the 
expansion of the effective action. The problem is 
now to distinguish between the gauge field A and 
the field A = A which only serves as an auxiliary 
variable. This is necessary since the flow equation 
still requires the knowledge of G AA as mentioned 
above. The A-dependence of d t Tk is given by the 
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following equation: 

JLd t T k = \d£Tr{Gf*[$>,A]-LRt 



5A 



'SA 



(17) 



With (|), (|Io|), (H) and @ we can investigate 
the effective action analytically, ft is worth not- 
ing that the flow equation is a '1-loop' equation, 
even though the loops depend on the full field de- 
pendent propagator. Thus heat kernel methods 
can be employed. However we want to emphasise 
that the heat kernel is not used as a regularisation 
method since everything is finite from the onset. 

Let us now briefly sketch the calculation of 
the (perturbative) 1-loop and 2-loop /3-function. 
Since these coefficients of the /3-function are uni- 
versal their calculation serves as a consistency 
check of the formalism. Moreover it provides 
some additional insight in how perturbation the- 
ory is recovered in this approach. 

On the right-hand side of the flow equation (Q) 
we have to insert the initial effective action T ko ■ 
At 1-loop level it is sufficient to insert the classical 
action S c i + S g f (pj) with multiplicative renormal- 

1/2 

isation, namely A — > Z Fk A, g — > g k — Z g>k; g. 
Moreover at 1-loop level one can show with the 
help of ( |l6| ) and ( Jl7| ) that the usual relation be- 
tween Z g £ and i?F,fc is valid. This relation de- 
pends on the chosen gauge, e.g. for the axial 
gauge it leads to d t Z 2 gk /Z 2 gk = -d t Z F , k /Z F , k 
(see also ||). d t Z F:k /Z F ^ k is calculated by pro- 
jecting out the term tr_F 2 on the right hand-side 
side of the flow equation The result leads to 
(P g *=d t gl): 



fa 



16tt 



4 

2 9k 



22 



-Nr. 



N f +0(g b k ), (18) 



the well-known universal 1-loop result for a non- 
Abelian gauge theory coupled to fermions in the 
fundamental representation. Moreover it can 
be shown that this holds true for general linear 
gauges. 

In order to derive the 2-loop coefficient for the 
/3-function one has to take into account not only 
the renormalisation constants Z F , Z g but also 
terms which can be derived from the mWI (|Io| ) 
when examined at 1-loop level. Additionally one 
has to examine (17|) which in general is non-zero 
at 2-loop level |6]. 



We would like to emphasise that the calcu- 
lations outlined above not only provide the (3- 
functions but also furnish one with correction 
terms to the effective action at 2-loop level to all 
orders of the fields. 

5. Conclusions 

We have investigated non-Abelian gauge theo- 
ries coupled to fermions within a Wilsonian renor- 
malisation group approach. Gauge invariance of 
the effective action at a given (infrared) scale k 
is controlled by a modified Ward identity which 
is compatible with the flow equation. The mWI 
guarantees gauge invariance for the full effective 
action at k = 0. By introducing an auxiliary 
gauge field A gauge invariance can be restored 
even for k ^ 0. The price to pay is an additional 
equation for the A-dependence. 

As a consistency check the 1-loop /3-function 
can be calculated for general linear gauges. Even 
more so, the extension of this calculation to 2- 
loop effects is straightforward (even though te- 
dious) ||. 

The calculations presented here also give a 
flavour of the main advantage of the formalism, 
namely its flexibility concerning possible approx- 
imations, in particular beyond perturbation the- 
ory. This makes it an appropriate tool for study- 
ing non-perturbative physics. 

References 

1. K. G. Wilson and I. G. Kogut, Phys. Rep. 12 
(1974) 75; F. Wegner and A. Houghton, Phys. 
Rev. A 8 (1973) 401. 

2. J. Polchinski, Nucl. Phys. B 231 (1984) 269. 

3. M. Reuter and C. Wetterich, Nucl. Phys. B 
417 (1994) 181; M. Bonini, M. DAttanasio 
and G. Marchesini, ibid. B 421 (1994) 429; 
U. Ellwanger, Phys. Lett. B 335 (1994) 364. 

4. D. F. Litim and J. M. Pawlowski, Phys. 



Lett. B 435 (1998) 181, |hep-th/9802064 . 
D. F. Litim and J. M. Pawlowski, On Gen- 
eral Axial Gauges for QCD, these proceed- 
ings, [hep-th/9809023 . 

D. F. Litim and J. M. Pawlowski, under com- 
pletion. 



